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Abstract. The problem of representation for flavor states of mixed neutrinos is discussed. By 
^isj ' resorting to recent results, it is shown that a specific representation exists in which a number of 

conceptual problems are resolved. Phenomenological consequences of our analysis are explored. 



Oh; 

D , 1. Introduction 

r^i ' The detailed study of neutrino mixing in the context of quantum field theory has led to the 

discovery of unexpected features associated to such a phenomenon. Indeed, it was found yij that 
_ the Hilbert space where the mixed (flavor) field operators are defined is unitarily inequivalent, 

vQ ■ in the infinite volume limit, to the Hilbert space for the original (unmixed) field operators. This 

OO '. is due to the condensate structure of the vacuum state for the flavor fields, the flavor vacuum, 

cn ■ which turns out to be a coherent state. 

: . These results have been then found to have general validity independently of the type or 

P^ I number of field involved |21 El IH El E] ■ Flavor oscillation formulas were derived [3 El E] exhibiting 

corrections with respect to the usual ones derived in quantum mechanics |10] . Effects of flavor 
vacuum structure have been discussed also in connection with cosmological constant [11] and 
Lorentz invariance |12] . Flavor states have also been studied as (relativistic) examples of single- 

, . ■ particle entanglement p!3]- More recently, a non-abelian gauge structure has been recognized to 

rS I be associated to flavor mixing |14) . 

C^ ' In this paper, we discuss a novel representation of flavor vacuum and flavor states which 

presents some advantages with respect to the one previously adopted [T]. Phenomenological 
consequences of this choice are explored. 

2. Neutrino mixing in QFT 

Let us denote by fe, i'^ the neutrino fields with definite flavors and by vi, V2 the neutrino fields 
with definite masses mi, ?tt,2, respectively. We consider the lagrangian 

C = V'eii^ - rUe) Ve + Vyi. {i ^ - m^) V^ - rUe^ {Ve^iJ. + ^ii^e) ■ (1) 

which is diagonalized by the transformation 

Ve{x) = i'i{x) cosO + V2{x) smO ^ (2) 

^^l{x) = —vi{x) sinO + V2{x) cosO , (3) 



where 9 is the mixing angle and nie = rni cos^ 6 + 7722 sin 1 



m,, 



mi sin^ 9 + 1712 cos^ 1 



TTief^ = {m2 — mi) sin cos . The result is the sum of two free Dirac Lagrangians: 

C = vi{i ^ - mi) ui + U2{i ^ - m2) V2 ■ 
The expansions for vi and V2 are: 



n{^) = Y^ 



r=l,2 



d?k 



{27T] 



r] 



4.«ic.(i)+^^-k.n.(i) 



^jkx 



1,2, 



(4) 



(5) 



with aiiit) 
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(3l^i{0) and Wj 



k^ + m?. Here and in the 



following we use t = xq, when no misunderstanding arises. The vacuum for the a^ and /3j 
operators is denoted by |0)i^2: akj|0)i2 = /3^j|0)i2 = 0. The anticommutation relations are 
the usual ones (see Ref. [IJ). The orthonormality and completeness relations are: 
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«k>k,i = %>k,i = ^rs , <>ik,i = V-k,i<,i = , I]«i<,j + V-k,iv\i) = I . (6) 



The fields u^ and i/^ are thus completely determined through Eq. ([3]), which can be rewritten 
in the following form (we use {cr,j) = (e, 1), {fj,, 2)): 
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d^x {v\{x)v2{x) — V2{x)vi{x)\ 



(7) 
(8) 



where Gg{t) is the generator of the mixing transformations ^ (see Ref. [T] for a discussion of 
its properties). 

Eq-© gives an expansion of the flavor fields fg and f^ in the same basis of vi and 1^2- The 
flavor annihilation operators are then identified with 
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The action of the mixing generator on the vacuum |0)i^2 is non-trivial and we have: 

|0(t))e,^ = G,-l(i)|0)l,2. (10) 

[0(t))e,/i is the flavor vacuum, i.e., the vacuum for the flavor flelds[T]. 

The explicit expression of the flavor annihilation operators is (we choose k = (0,0, |k|)): 
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where cq = cos 9, sg = sin 9, e 
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The number of particles with definite mass condensed in the flavor vacuum is given by 
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e,M^)\a\^,0^l^,\m)e,^ = eAmW,(il,\m)e,^ = sin' \V^ 



1,2. (14) 



Following the usual procedure, we define the fiavor charges for the fiavor neutrino fields [S]: 

Qa{t) = I S^vlix) v„{x) , a = e,fi, (15) 



with Qe{t) + Qf_i{t) = Q, where Q is the total (conserved) lepton charge. 

The fiavor charges are diagonal when expressed in terms of the flavor ladder operators Eq (|lip : 






(16) 



The eigenstates of such charge operators (flavor neutrino states) are consistently defined as: 

WL{t))^»^lAi)\m)e,,. (17) 



3. General expansion 

It was noted [2] , that in the expansion Eq. d?]) one could use eigenfunctions with arbitrary masses 
//o-, and therefore not necessarily the same as the masses which appear in the (diagonalized) 
Lagrangian. On this basis, the flavor flelds can be also written as [21 [T^ 
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where u^ and v^- are the helicity eigenfunctions with mass fia- We denote by a tilde the 
generalized flavor operators introduced in Ref. [2] in order to distinguish them from the ones 
defined in Eq. ([9]). The expansion Eq. (jlSp is more general than the one in Eq. ^ since the 
latter corresponds to the particular choice fie = rni, fi^ = m2- 
The relation between the fiavor and the mass operators is now: 






(19) 



with (cr, j) = (e, 1), (/U, 2) and where Kg^^{t) is the generator of the transformation ^ and can 
be written as 






n exp I i E ili K(0/3l,,(t) + /5:k,,(t)«Ic,,(i) 



(20) 
(21) 



with ^^ • = (xo- — Xj)/2 and cot Xo- = |k|//Xo-, cotxj = |k|/?7ij. For /Xe = mi, /i^ = m2 one has 
/^(t) = 1. The explicit matrix form of the fiavor operators is [2j: 
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where ce ^ cos 9, sg = sin 9 and 

k r Xa ~ Xb j- rf s rf s rno\ 

Pabdrs = COS <5,., = U^^^U^f, = t-.^.a^^-k.^ , (23) 

• \ k c- • • Xa Xb j- ri s ri s /'nA\ 

iXabOrs = I Sm 6rs = Va^-k,6 = ^ Jk,a^k,6 , (24) 

with a,b = l,2,e, /U. Since p\2 = l^^kl and iX^2 — ^'^l^kl; etc., the operators ([22]) reducqj to the 
ones in Eqs. pT]) when fi^ = rni and ^^ = 7712- 

The generaUzed flavor vacuum, which is annihilated by the flavor operators given by Eq. (j22p . 
is now written as [2]: 

\0{t))e,,^K^litmi,2. (25) 

For He = rrii and /x^ = m2, this state reduces to the standard flavor vacuum |0(t))e,^ of Eq. (fTO]l . 

4. Gauge structure and choice of the representation 

We have seen how it is possible to deflne exact flavor charge eigenstates for mixed neutrinos. 
We have also seen that an apparent arbitrariness exists in the choice of the basis of free flelds 
respect to which the flavor flelds are expanded. Such a choice cannot be arbitrary since the 
structure of the flavor vacuum and thus the physical results depend on it. A remarkable result 
was presented in Ref. [T5], where it was shown that the oscillation formulas are insensitive to 
the choice of such a basis. 

However, there are other aspects which need to be considered. One is that Lorentz invariance 
is broken, since the flavor vacuum is explicitly time-dependent. As a consequence, flavor states 
cannot be interpreted in terms of irreducible representations of the Poincare group. A possible 
way to recover Lorentz invariance for mixed flelds has been explored in Ref. [12] where non- 
standard dispersion relations for the mixed particles have been related to non-linear realizations 
of the Poincare group [16] . 

A different way has been explored in Ref. [il4], where it has been shown that a non-abelian 
gauge structure appears naturally in connection with flavor mixing. In this framework, it is then 
possible to account for the above-mentioned violation of Lorentz invariance due to the flavor 
vacuum having, at the same time, standard dispersion relations for flavor neutrino states. 

To see how this is possible, let us note that the Lagrangian Eq. ([1]) can be rewritten as 
describing a doublet of Dirac flelds in interaction with an external Yang-Mills fleld: 

£ = i>fi^rD^. - Md)uf, (26) 

where Vf = (i^e,!^^) is the flavor doublet and M^ = diag(me,'m,^) is a diagonal mass matrix. 
We have introduced a covariant derivative and a gauge fleld as 

^M = d^ + igPA^, (27) 

A^ = l^^cTa = Vm^Gsn(2), n'^ = (1,0,0,0)^, (28) 

where niefj, = 2 tan26 6m, and 6m = m^ — rrie- We also deflne g = tan 20 as the coupling 
constant for the mixing interaction. Flavor mixing can thus be seen as an interaction of the 
flavor flelds with an SU{2) constant gauge fleld. 

Here Oj, i = 1,2,3 and /3 are the usual Dirac matrices in a given representation. For 
deflniteness, we choose the following representation: 

-Co)' ^-C-O' '-' 

^ Up to a minus sign, see Ref. [15j . 



where ai are the Pauh matrices and I is the 2x2 identity matrix. 

We now consider the energy momentum tensor associated with the flavor neutrino fields in 
interaction with the external gauge field |14) : 

Tpa = h'fi-fpD^Uf - r]p^i?f{ij^Dx - Md)uf , (30) 

which is to be compared with the canonical energy momentum tensor associated with the 
Lagrangian ([1]): 

Tpa = Ufi-^pDaVf - 'Hpai'fin^Dx - Md^f + r]pamepUfaiUf . (31) 

We then define a 4-momentum operator as P^ = J d'^x T^'^ and obtain a conserved 
3— momentum operator: 



= i / d^yivld^Ve + i / d^xt'^SV^ 

^ Pl{t) + Pl{t), i = l,2,3 (32) 

and a non-conserved Hamiltonian operator: 

P\t) = H{t) = j d'i^i?f{i^^Do-ii^'Dp + Md)vf 

= I d^^ul {-icx ■ V + j3me) Ve + d^xi/^ {-ia. ■ V + /3m^J i/^ 

= He{t)+H^{t). (33) 

Note that both the Hamiltonian and the momentum operators split in a contribution involving 
only the electron neutrino field and in another where only the muon neutrino field appears. 

We remark that the tilde Hamiltonian is not the generator of time translations. This role 
competes to the complete Hamiltonian H = Jd^xT^^, obtained from the energy-momentum 
tensor Eq. ([5T|) . 

We now show that it is possible to define flavor neutrino states which are simultaneous 
eigenstates of the 4-momentum operators above constructed and of the flavor charges. Such a 
non-trivial request requires a redefinition of the fiavor vacuum. Indeed, one can show [T3] that 



this is achieved by means of the expansion Eq. d?]), provided one sets fie = Trie and /x^ = nip. 
From now on we use the tilde to denote the flavor operators so defined. 

The tilde fiavor operators are connected to those of Section [2] by a Bogoliubov transformation: 

Jit) = n«^P V E ^^,. [<U*W\At) + /5-k,.(i)«Ic,.(t)] I , (35) 

with (cr,j) = (e, !),(//, 2), and with ^^j = [xa - Xj)/2 and cotXa = |k|/m^, cot Xj = |k|/mj. 
The new (physical) flavor vacuum is given by 

m)ep = J-\t)\0{t))ep. (36) 



Notice that the flavor charges are invariant under the above Bogohubov transformations [15j . 
i.e., Qa = Qa, with: 

Q,(t) = J2[d'\^ (5Lt(t)5L(t) - ^-LaW^^At)) ■ (37) 

r '' 

In terms of the tilde flavor ladder operators, the Hamiltonian and momentum operators 
Eqs. dMD and ([MD read: 



Since all the above operators are diagonal, we can define common eigenstates as follows: 

KAt)) = ^iAt)m)e,, (40) 

and similar ones for the antiparticles. We have 

( f!(t) ) 1^'^'-^*)^ = ( T ) 1^'^'^^')^' (^'^ 

making explicit the 4— vector structure. 

Note that the above construction and the consequent Poincare invariance holds at a given 
time t. Thus, for each different time, we have a different Poincare structure. Flavor neutrino 
fields behave (locally in time) as ordinary on-shell fields with definite masses rUe and m^, rather 
than those of the mass eigenstates of the standard approach, mi and m2- Flavor oscillations 
then arise as a consequence of the interaction with the (constant) gauge field, which acts as a 
birefringent medium and can be seen as a neutrino aether. 

The operator H can be viewed as the sum of the kinetic energies of the flavor neutrinos, or 
equivalently as the energy which can be extracted from flavor neutrinos by scattering processes, 
the mixing energy being "frozen". A thermodynamical picture is given in Ref. fl4]. 

Finally we consider the condensation densities for the physical flavor vacuum Eq. (|36p . They 
are given by 

e,^(0(t)|aial,,i|0(t))e,^ = e,Mt)K]i^L,im)e,^ = cos^ ^ sin^ ^.^^ + sin2 0sin2ee^^2, (42) 

e,M(0(i)l<2«k,2|0(t))e,M = eA0it)K]2^L2m)e,^ = CDs'" 9 siu^ ^^^^ + siu^ 9 sin^ ^^l^,, (43) 

which have to be compared with the result Eq.([T 



5. Phenomenology 

A number of (possible) physical effects can be discussed starting from the results of last Section. 
Here we briefly consider some of them. 

5.1. Neutrino oscillations 

The flavor oscillation formulas are derived by computing, in the Heisenberg representation, the 

expectation value of the flavor charge operators on the flavor state 0. 



In the physical representation above defined, we obtairo 

KJQAt)K,p) = |{«k,.(i),<p(o)}f + |{^:U(i),«i(o)}f , ^,P = e,^l. (44) 

A similar result holds if we consider expectation values on antiparticle states. 

For the case of two flavors, the above formula turns out to be identical [15] to the one defined 
by means of the representation of Section [2j However, corrections arise for the case of three 
flavors, when CP violation is present [9j. 

5.2. Beta decay 

In the above picture, flavor neutrinos states have standard dispersion relations and the 
oscillations are due to the interaction with the external gauge fleld (neutrino aether). 
Consequently, in experiments for the direct measurement of the neutrino masses, as the ones 
based on tritium (beta) decay, flavor neutrinos are predicted to exhibit the behavior of ordinary 
free particles with masses m-e and ?7i^ rather than superpositions of massive states with masses 
mi and 1712- This is discussed in detail in Ref. 



5.3. Cosmological constant 

The energy of the flavor vacuum can provide a non-standard contribution to the cosmological 
constant. In Ref. [11] such a contribution was evaluated by means of the representation of 
Section [2j In the light of the above results, it needs to be recalculated by use of the correct 
flavor vacuum. 

In Ref. |llj the contribution {p™c) o^ ^^^ neutrino mixing to the vacuum energy density is 
shown to be: 



(pr^)%0 = e,;.(0|E^00l0)e,;., (45) 



where 



tS = E / ^'kc.^,, (a;;^,ai;, + /3l/:k,.) , ^ = 1,2. (46) 
By using the result Eqs. ([l2]) . (|i3|) . we obtain 

{Pvac )Voo = ^Jd^ Wfc,! (cos2 9 sin^ ^l, + sin2 9 sin^ ^l^) (47) 

+ 4 f d^kcok,2{cos'^0sm'^C^^2 + sin^^sm^^^,i)- (48) 

which is to be compared with the result of Ref. [11] . Notice that the above contribution is zero 
in the no- mixing limit when the mixing angle ^ = and/or rrii = 1712- 

When a cutoff K is introduced, the above integral can be evaluated and the result turns out 
to be proportional to K^ , whereas the usual free- fleld zero-point energy contribution would be 
going like K"^. 

2 We use the notation \u^^p) = S;,yO)|0(0)>e,M and |0>,,^ = |0(0)>,,^. 



5.4- Super symmetry 

It has been argued \\.1\ [T8] that the flavor vacuum structure can provide a mechanism for 

supersymmetry breaking. This can be seen |17j by considering a Lagrangian of the forrrp 
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^ " '" — 1 ^ „ ^„„ 1 -:.T ,^2 e„ 1 /3 D„ /5MD_ ^ r>T nj2 






2 rj vr , Tj 2 

with M = { " "J and M^ = diag(77ii,77i2)- The fields are two free Majorana fermions 

il^i, two free real scalars Si, two free real pseudoscalars Pf. iIj = (V'l, V'2)"^, S" = {Si,S2)^ ,P = 
{Pi,P2) . The flavor fields are defined as: 



ipf = ui), Sf = us, Pf = UP, 

where V/ = O^a^i'bf , S = {Sa,Sbf, P = {Pa,Pbf, and U = 



cos U sm t 
— sin 9 cos t 

nia = mi cos^ 6 + m2 sin^ 9, mi, = mi siv? 9 + 771,2 cos^ ^, and ruab = (^-2 — mhi) sin ^ cos 0. 
The Fourier expansion of the fields (7 = 1,2) are: 
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It is also 
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(51) 
(52) 
(53) 



where vl^^ = 7oC(77J^j)* and uj^j = 7oC'(f^ki)* by the Majorana condition and the operators 

Oki' ^k,i and Ck,i annihilate the vacuum |0) = |0)^ <SS> \Q)^ |0)^- The expectation value of the 
Hamiltonian on this vacuum is zero 

{0\{H^ + Hsm = 0, (54) 

where Hb = Hs + Hp. The generators of the mixing transformations (j50p are given by [6j: 

9 f 

-I d^x(^7/'|(x)V'2(a:) -7/;J(x)7/;i(x) 

-i9 f d^x{7rf{x)S2{x) - ttI{x)Si{x)) 
-i9 f (f^{Ti^{x)P2{x) - Ti^{x)Pi{x)) 



G^{9) = exp 
Gs{9) = exp 
Gp{9) = exp 



(55) 
(56) 
(57) 



where vrf (x) and vrf(x) are the conjugate momenta of the fields Si{x) and Pi{x), respectively. 
The flavor vacuum (at t = 0) is: |0)/ = [0)^ [0)^ ^ |0)^ , where 



\^ 



|0)J ^ G7/{9) \0f , \0)} = Gs'i9) |0)^ , |0)f ^ Gp^(0) |0)^ , (58) 

^ The symbol A/tj introduced here should not be confused with the one of Section [l] 



are the flavor vacua of the fields Tpaix), Sa{x), Pa{x), respectively. 

In a similar way as done above, we now introduce the physical flavor vacuum: 

|0)/ = I0)j'^l0)f ^10);, (59) 

The expectation value of the fermionic part of H on [0)/ is given by: 

f{0\H^\0)f = - Jd^k{ujk,i+ujk,2) 

+ 2 (fkujk,i (cos^ e sin^ ^^,1 + sin^ ^ sin^ ^0,2) 
+ 2 / d^k Wfc,2 (cos^ e sin^ ^^2 + sin^ 9 sin^ ^J;^) , (60) 

while for the bosonic part we obtain: 

f{0\HB\0)f = ld'^k{cJk,l+UJk,2) 

+ 2 f d^kujk,! (cos^ e sin^ |^ ^ + sin^ 6 sin^ i^^^ 

+ 2 /" d^kujk,2 (cos^ sin^ ^^.^ + sin^ 9 sin^ |^^) , (61) 

with4k^^iln^(seeRef. [3]). 

Combining Eqs. ()60p and ()6ip we finally have: 

f{0\{H^ + /7b) |0)/ = 2 cos2 e I d^k^fc,! (sin2 ^l^ + sin^ 1^^^) + Uk,2 (sin' 4';2 + sin' 4^2) 

+ 2 sin' I d^kiOk,! (sin' ea,2 + sin' 1^,2) + ^k,2 (sin' ^,^1 + sin' i^,) , (62) 

which exhibits supersymmetry breaking associated to flavor mixing. The above result differs 
from that of Ref. [T7] . 

6. Conclusions 

In the framework of the quantum field theory treatment of particle mixing, we have discussed 
flavor states for two flavor neutrino mixing. We have given arguments for selecting a physically 
relevant representation for the flavor states. Phenomenological consequences of our discussion 
have been explored, also in connection to previous results. 
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